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Gaussian continuous-variable cluster states are a unique quantum information resource as they
currently scale up experimentally to much larger sizes than any qubit platform. We derive the first
general criterion for a pure Gaussian state not to be expressible as a canonical cluster state, and show
that such Gaussian states must then display hidden entanglement. This applies to experimentally
relevant deviations from Gaussian cluster states, such as variations of the squeezing parameter from
mode to mode, which cannot be captured by the infinite squeezing limit.
Continuous-variable (CV) quantum information [1] has
achieved groundbreaking scalability performance [2–6]
in the universal, measurement-based, one-way quantum
computing (QC) model [7] that uses cluster states as
mathematical substrates [8]. The idealized CVQC model
employs, in lieu of qubits, spectrally dense qumodes such
as the respective eigenstates {| s 〉q}s∈R and {| s 〉p}s∈R of
the amplitude-quadrature operator Q = (a+a†)/
√
2 and
phase-quadrature operator P = i(a†−a)/√2 of the quan-
tized electromagnetic field, a being the photon annihila-
tion operator. Continuous-variable quantum computing
(CVQC) is universal [7, 9–11]. The backbone of realistic
CVQC is formed by squeezed Gaussian states, generated
by SU(1,1) quadratic Hamiltonians. Such states are ar-
bitrarily good approximations to quadrature eigenstates,
which are infinitely squeezed and therefore unphysical.
As is well known, CVQC can be made fault tolerant
for reasonable amounts of squeezing (10-20 dB) [12, 13].
At such squeezing levels, one might be tempted to treat
states as infinitely squeezed; however, we show in this
Letter that Gaussian cluster states do possess subtle fea-
tures that are lost in the infinite squeezing limit. Hidden
entanglement is one such property, derived first in the
simplest case of bipartite cluster states, then in the gen-
eral multipartite case.
A cluster state [14] is a graph quantum state [15] that
contains all the entanglement ever needed for any quan-
tum algorithm [16] and that must be sparsely connected
in order to be useful for quantum computing [17–19]. The
graph is composed of qubit vertices in the (| 0 〉+| 1 〉)/√2
state, linked by controlled-Z gate edges. Quantum com-
putation proceeds from a cluster state solely by single-
qubit measurements and feedforward to graph neighbors.
An ideal CV cluster state [1] consists in zero-eigenvalue
phase-quadrature eigenstates linked by controlled-phase
displacement gates, e.g.
| C 〉12 =✣✢
✤✜
| 0 〉p1 ✣✢
✤✜
| 0 〉p2
CZ = e
iQ1Q2
(1)
for two qumodes. A qubit cluster state is stabilized by
a group of operators of eigenvalue one, generated by
Pauli operators Xj
⊗
k∈Nj Zk for every qubit j and its
neighborhood Nj . A CV cluster state has stabilizers of
the same form but with Weyl-Heisenberg displacements
X = e−iP and Z = eiQ, whose infinitesimal operators,
Pj−
∑
k∈Nj Qk, have eigenvalue zero and are hence called
nullifiers. Equation (1) admits the following nullifiers [21]
(P1 −Q2) | C 〉12 = 0 | C 〉12 (2)
(P2 −Q1) | C 〉12 = 0 | C 〉12 . (3)
which, posingQ=(Q1,Q2)
T, P=(P1,P2)
T, can be written
in vector form
(P−VQ) | C 〉12 = 0 | C 〉12 , (4)
where V =
(
0 1
1 0
)
is the adjacency matrix of the graph
in Eq. (1).1 The two-mode cluster state | C 〉12 is entan-
gled and can be realized by the Einstein-Podolsky-Rosen
(EPR) state [22]
| E 〉12 =
∫
| s 〉q1 | s 〉q2 dq =
∫
| s 〉p1 |−s 〉p2 dp, (5)
whose nullifiers are, clearly,
(Q1 −Q2) | E 〉12 = 0 | E 〉12 (6)
(P1 + P2) | E 〉12 = 0 | E 〉12 . (7)
A single-mode pi/2 rotation, a.k.a. Fourier transform, say
of mode 1, in phase space, F1 = exp[−ipi/4(P 21 + Q21)],
transforms these nullifiers into Eqs. (2) & (3), thereby
making the EPR and CV cluster states local-unitary
(LU) equivalent, i.e., | E 〉12 LU∼ | C 〉12, which is expected
since LUs cannot change entanglement [3, 23].
We now focus on a simple but fundamental case: the
state created by the interference at a balanced beamsplit-
ter of two quadrature eigenstates out of phase by θ.2
| B(θ) 〉12 = B12 | 0 〉θ1 | 0 〉p2 , (8)
1 This means that the element Vjk of V is the weight of the graph
edge between graph vertices j and k, ∀j, k.
2 A rotation by θ in the quantum phase space of field quadratures
is identical to an optical phase shift θ of the corresponding elec-
tromagnetic field.
2where B12 = exp[−ipi4 (a†1a2 + a1a†2)] and where the
generalized-quadrature nullifier and eigenstate are
A1(θ) | 0 〉θ1 = (cos θ P1 + sin θ Q1) | 0 〉θ1 = 0 | 0 〉θ1 . (9)
The nullifiers of | B(θ) 〉12 are [21]
N1 = P1 − P2 (10)
N2(θ) = sin θ (Q1 +Q2) + cos θ (P1 + P2). (11)
For θ = 0, these nullifiers are P1±P2. As the stabilizers
form a multiplicative group, the nullifiers form an addi-
tive one and a linear combination of nullifiers is a nullifier.
Hence P1,2 nullify | B(0) 〉12, which entails V = 0:
| B(0) 〉12 = | 0 〉p1 | 0 〉p2 = ⑤ ⑤ (12)
An edge between two vertices signifies entanglement, its
absence signifies separability, and LUs cannot transform
two separated subgraphs into a connected one.
For θ = pi/2, we recover Eqs. (6) & (7), which entails
| B(pi
2
) 〉12 = | E 〉12 LU∼ | C 〉12 . (13)
For θ < pi/2, we can rewrite the nullifiers of Eqs. (10)
& (11) in cluster state form, Eq. (4), with
V =
1
2
(
tan θ tan θ
tan θ tan θ
)
, (14)
which corresponds to the graph
| B(θ) 〉12 = ⑤ ⑤
1
2
tan θ
1
2
tan θ 1
2
tan θ
(15)
State | B(θ) 〉12 is therefore LU-equivalent to a cluster
state, as expected since all bipartite entangled states are
equivalent under LUs.
We now turn to the generalization to Gaussian states
of the graphical formalism introduced above, which was
developed by Menicucci, Flammia, and van Loock [1].
Derivation details are in the supplemental material [21].
The gist of this formalism is that any pure Gaussian state
can be represented by a unique graph whose edges are
weighted by complex numbers, the imaginary edges rep-
resenting the effect of the squeezing. This is because the
nullifier of a phase-squeezed state of finite squeezing pa-
rameter r isn’t P any more but P − i e−2rQ. As a result
the adjacency matrix Z of the graph becomes complex
Z = V + iU, (16)
where V is as before. Matrix U is symmetric, like V,
and also positive definite. It represents the effects of
finite squeezing [1] and can be interpreted as the error of
the Gaussian state in approximating an ideal graph state
of weighted adjacency matrix V, as per
Cov(P−VQ) = 1
2
U, (17)
which generalizes Eq. (4), Cov denoting the covariance
matrix of the nullifiers. Hence, a Gaussian state Z is
a good approximation of a graph state V if U→0, or
Tr[U]→0 since U is positive definite.
The canonical Gaussian cluster state has two phase-
squeezed qumodes (realistic implementations of phase-
quadrature eigenstates), of respective squeezing parame-
ters r1,2, linked by controlled-phase gates:
ZC ≡
(
0 1
1 0
)
+ i
(
e−2r1 0
0 e−2r2
)
, (18)
| C(r1, r2) 〉12 = ⑤ ⑤1
i e−2r1 i e−2r2
(19)
Our next example is the Gaussian EPR state, a.k.a.
the two-mode squeezed (TMS) state | E(r) 〉12, where r
is the squeezing parameter [25]. Solving the Heisenberg
equations for two-mode squeezing Hamiltonian i r
τ
a†1a
†
2+
H.c. over time τ , one finds [26]
∆ (Q1 −Q2) = ∆ (P1 + P2) = e−r, (20)
which coincide with the nullifiers of Eqs. (6) & (7) in
the infinite squeezing limit (ISL) r→∞. Using Gaus-
sian graphical calculus, we find, after a pi2 rotation of one
mode [1]
ZE ≡
(
0 tanh 2r
tanh 2r 0
)
+ i
(
sech 2r 0
0 sech 2r
)
, (21)
F1 | E(r) 〉12 = ⑤ ⑤tanh 2r
i sech 2r i sech 2r
(22)
Note that, in the limit r→∞ and up to a LU (here a
Fourier transform: FT), Eqs. (19) & (22) are identical.
The next case is much less trivial. The finitely
squeezed version of | B(θ) 〉12, Eq. (8), is
| B(θ, r1, r2) 〉12 = B12R1(θ)S1(r1)S2(r2) | 0 〉1 | 0 〉2 ,
(23)
where the initial state is vacuum, S(r)=exp[ r2 (a
†2 −
a2)] is a phase squeezing operator for r>0, and
R(θ)=exp(−iθa†a) is a phase-space rotation operator.
The Gaussian graph is [21]
Z ≡ v
(
1 1
1 1
)
+ i
(
u+ u−
u− u+
)
, (24)
| B(θ, r1, r2) 〉12 = ⑤ ⑤v+iu−
v+iu+ v+iu+
(25)
where
v = − sin 2θ sinh 2r1
2(e2r1 cos2 θ + e−2r1 sin2 θ)
(26)
u± =
e−2r1
cos2 θ + e−4r1 sin2 θ
± e−2r2 . (27)
3In an initial analysis of this situation for 0<θ<pi2 , one
is tempted to dismiss U altogether as its elements u±
clearly decrease as the squeezing factors. Turning then
to V, entanglement is clearly present since v 6=0. This
result is well known [27].
For θ=pi2 , we know the result must be a two-mode
squeezed state [28]. However, we have
v = 0 (28)
u± = e2r1 ± e−2r2 . (29)
Entanglement would appear to have vanished (V = 0)
but here the effects of finite squeezing cannot be ne-
glected any longer: the diverging U makes V irrele-
vant as an approximation of a graph state by a Gaus-
sian state. It was proposed in Ref. 1 that the closest CV
graph state that can be approximated by a given Gaus-
sian state could be found by minimizing the trace of U
by local rotations. An extremum of Tr[U] can always
be reached using pi2 qumode rotations, i.e., FTs.
3 This
property yields
U′ =
(
er1−r2sech(r1 + r2) 0
0 er2−r1sech(r1 + r2)
)
(30)
V′ =
(
0 tanh(r1 + r2)
tanh(r1 + r2) 0
)
(31)
F ∣∣B(pi2 , r1, r2) 〉12 = ⑤ ⑤tanh(r1+r2)
i er1−r2×
sech(r1+r2)
i er2−r1×
sech(r1+r2)
(32)
which yields Eq. (22) for r1=r2=r and Eq. (1) for r→∞.
We now consider the case θ=0 which gives the prod-
uct state of Eq. (12) in the ISL. Equations (26) & (27)
become
v = 0 (33)
u± = e−2r1 ± e−2r2 . (34)
Since all edges are now exponentially decreasing with the
squeezing, Eq. (34), a logical conclusion would be that
the state is, for all intents and purposes, equivalent to
the product state of Eq. (12) to the error due to finite
squeezing, and therefore the graph should become exper-
imentally indistinguishable from Eq. (12).
| B(0, r1, r2) 〉12 = ⑤ ⑤
i(e−2r1
−e−2r2 )→0
i(e−2r1
+e−2r2 )→0
i(e−2r1
+e−2r2 )→0
(35)
| B(0, r1, r2) 〉12 −→
r1,2→∞
⑤ ⑤
(36)
3 For any n-mode CV with no p − q correlations, the extrema of
Tr[U] after local rotations are located at pi/2 rotation angle of
any subset of the original n-modes [1]
This conclusion, and Eq. (36), is totally incorrect.
While state | B(0, r, r) 〉12 is, indeed, an exact product
state since u−=0 (which was demonstrated experimen-
tally [29]), state | B(0, r1, r2 6= r1) 〉12 can, however, be
strongly entangled. We now prove this.
An independent quantitative bipartite entanglement
criterion is the generalization of the Peres-Horodecki
partial transpose criterion [30, 31] to continuous vari-
ables [23] (see also Ref. 2). Bipartite CV nonseparability
is characterized by the symplectic eigenvalues of the co-
variance matrix Σ˜ of the partially transposed density op-
erator, which is equivalent to a phase space reflection [23]:
if the original covariance matrix is Σ, then Σ˜ = ΛΣΛ,
where Λ=diag(1, 1,−1, 1). Entanglement is present if at
least one of the symplectic eigenvalues of Σ˜ is less than
1
2 , their product being
1
4 . These symplectic eigenvalues
are defined as the absolute values of the eigenvalues of
iΣ˜Ω with
Ω =
(
0 1
−1 0
)
. (37)
The symplectic eigenvalues for the two-mode squeezed
state| E(r) 〉12 [Eq. (22)] are thus
λ± = 12 e
±2r (38)
and entanglement is therefore present whenever r 6=0.
The symplectic eigenvalues for the canonical Gaussian
cluster state | C(r1, r2) 〉12 [Eq. (19)] are
λ± =
1
2
√
2e2(r1+r2) + 1± 2
√
e2(r1+r2) + e4(r1+r2) (39)
which shows that entanglement is present ∀r1,r2 6=0 and
is independent of r1-r2.
We now turn to state | B(0, r1, r2) 〉12 [Eq. (35)]. The
symplectic eigenvalues are
λ± = 12 e
±(r1−r2), (40)
which shows that the state is a product state iff r1=r2,
since λ±=1 then, but the state can be significantly en-
tangled if the difference r1-r2 is large: let’s take the case
r1=2r2 with r2 already large, e.g. 20 and 10 dB squeezing.
Then the amount of entanglement in | B(0, 2.30, 1.65) 〉12
is equivalent to that present in the 10 dB squeezed TMS
state | E(1.65) 〉12, even though the edge in Eq. (35) is
vanishing, unlike that in Eq. (22).
Thus, the graph edges given by V clearly fail to give
the proper description here, even though Tr[U]→0 in
both cases. The key point is that the ISL incorrectly
symmetrizes the situation and gives the wrong descrip-
tion for finite squeezing, where the vanishingly small, yet
nonzero off-diagonal entries ofU−1 are the key to the dis-
crepancy. These entries are 〈QiQj〉, as per the covariance
matrix of x=(Q,P)T,
Σx =
1
2
〈
(xxT)sym
〉
=
1
2
(
U−1 U−1V
VU−1 U+VU−1V
)
,
(41)
4where ()sym denotes the symmetrized operator product.
A first, straightforward conclusion is:
The off-diagonal entries of U−1 contain all quantum
correlations absent in V in finitely squeezed states.
We therefore supplement the Tr[U]→0 criterion of
Ref. 1 for finitely squeezed Gaussian states by also re-
quiring that U−1 be diagonal, which is logically equiv-
alent to U being diagonal. If we use single-mode sym-
plectic transformations to diagonalize U, the entangle-
ment won’t be changed [3, 23]. These transformations
are LUs but must include single-mode squeezing (SMS)
operations in addition to single-mode rotations [because
Sp(2,R) ∼ SU(1,1) ⊃ U(1)]. We therefore seek SMS LUs
that transform | B(0, r1, r2 6= r1) 〉12 into a TMS state of
equal entanglement: the result is [21]
| E (r−) 〉12=S1 (r+)S2 (r+)| B(0, r1, r2) 〉12 , (42)
with r± = (r1 ± r2) /2. Equation (42) solves the conun-
drum: in finitely squeezed states, entanglement can be
hidden by single-mode squeezing in non-symmetric cases
where the squeezing is not evenly distributed between the
modes. This situation is always absent in the infinitely
squeezed case which is, by force, totally symmetric.
After SMS operations, Eq. (42), and phase shifts,
Z7→Z′ and Tr[U′] is obtained from Eq. (21) to be
Tr[U′] = 2 sech(r1 − r2) −→
r1>r2≫1
4e−(r1−r2), (43)
which can be compared to the value before the SMS op-
erations from Eqs. (24) & (34),
Tr[U] = 2(e−2r1 + e−2r2) −→
r1>r2≫1
2e−2r2 . (44)
While both traces tend to zero in the ISL, graph V′
[Eq. (22) with r=r−] reveals the entanglement of the
state whereas graph V [Eqs. (35) & (36)] does not.
Another, important instance of quantum state dis-
tortion invisible in the ISL is the generation of TMS
state from the interference of orthogonal SMS states:∣∣B(pi2 , r, r) 〉=| E(r) 〉, which is relevant to the setups in
Refs. 4–6. If the states aren’t identically squeezed, we get∣∣B(pi2 , r1, r2) 〉=S1(−r−)S2(−r−)| E(r+) 〉, which means
excess uncorrelated quantum noise on each qumode.
We now ask the question of whether U can be diag-
onalized by LUs in the general multipartite case of n
qumodes.4 Only then can the Gaussian state be accu-
rately described as a canonical cluster state of graph V.
We draw inspiration from the definition of a stan-
dard form of Σ for LU-equivalent Gaussian states by
Adesso [3] and by Giedke and Kraus [4]. This standard
4 Note that LU’s can alter the graph via local complementation [15]
but cannot alter the entanglement partition [3], i.e., cannot make
distinct subgraphs become (dis)connected.
form is uniquely defined and easily computable for every
Gaussian state. The gist of our approach relies on us-
ing the definitionΣy=
〈
(yyT)sym
〉
/2 of the mode-ordered
symplectic vector y=(Q1,P1,...,Qn,Pn)
T. In that case,
Σy is constituted of 2×2 blocks of the form
σij =
( 〈QiQj〉 12 〈QiPj + PjQi〉
1
2 〈QjPi + PiQj〉 〈PiPj〉
)
. (45)
IfU is diagonal, i.e., if 〈QiQj〉i6=j=0, then all off-diagonal
2×2 minors |σij | 6 0 [21]. The key step of our proof then
lies in employing, for diagonalizing U, single-mode sin-
gular value decompositions analogous to those in Ref. 4,
under which all 2×2 minors of Σ are invariant [21]. This
yields the following general criterion for relating an arbi-
trary Gaussian state to a canonical cluster state:
If there exists at least one off-diagonal 2×2 minor
|σij | > 0 of Σy, then there can exist no local unitary
transformation diagonalizing U, and the Gaussian state
described by Σy cannot be described as a cluster state.
This is the central result of this paper. Of course, if all
off-diagonal 2×2 minors of Σy verify |σij | 6 0, then there
may exist a local unitary transformation that diagonal-
izes U, but it’s not guaranteed. Notable exceptions are
the n=2 and n=3 qumode cases, for which the negativ-
ity of all minors is a sufficient condition for the Gaussian
state to be a canonical cluster state (and, for n = 2, the
minor is always negative for a pure state) [21].
Conclusions. Based on the unique standard form of
the covariance matrix, which fully characterizes a Gaus-
sian state [4], we discovered a simple criterion for find-
ing all Gaussian multipartite states that cannot be ex-
pressed as canonical cluster states. While it was expected
that not all Gaussian states be cluster states, this Let-
ter establishes the first concrete analytic correspondence.
This paves the way to deriving mappings between cluster
states and the universal Bloch-Messiah decomposition of
Gaussian states [34] which opens up a new area of re-
search of translating nonconventional quantum circuits,
such as Gaussian boson sampling [35], into cluster states
and one-way quantum computing.
This result emphasizes the importance of forgoing the
use of the ISL as more than a simplification when deal-
ing with continuous-variable quantum information. An
example of this philosophy is a recent result on the
fault tolerance of statistical mixtures of cluster states in
CVQC [36]. Very simple examples of experimental rele-
vance are constituted by the interference of two unequally
squeezed SMS states in a beam splitter. When the
squeezed quadratures are aligned (θ=0), entangled Gaus-
sian states falsely appear as product states in the ISL.
When the squeezed quadratures are conjugate (θ=pi2 ), the
resulting TMS state is afflicted with extraneous quantum
noise, which the ISL also fails to capture. The latter sit-
uation is highly relevant experimentally as it forms the
core entanglement mechanism in recent scalable demon-
strations of two-dimensional cluster states [5, 6].
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6APPENDIX
In this appendix, we present detailed reminders of the Gaussian graph formalism, as well as the detailed proof of
our no-go criterion for multipartite Gaussian cluster states.
Reminders about Gaussian cluster states
Cluster nullifier derivation in the infinitely squeezed case
We give a simple and intuitive derivation of the nullifiers of a Gaussian state.
Principle
Let S be the stabilizer of state |ψ 〉:
S |ψ 〉 = |ψ 〉 . (46)
We now seek the stabilizer of state U |ψ 〉, where U is an arbitrary invertible operator. We can write
U |ψ 〉 = US |ψ 〉 = USU−1U |ψ 〉 , (47)
which shows that the stabilizer of U |ψ 〉 is USU−1. 
If the stabilizer of |ψ 〉 is unitary, S = exp(iN ), then its infinitesimal hermitian operator N has eigenvalue 0 and
is called the nullifier of |ψ 〉. From Eq. (47), the nullifier of U |ψ 〉 is UNU−1. If U is a unitary evolution operator
U=exp(−itH/~), then the nullifier of U |ψ 〉 can also be found more easily using Lie algebra rather than Lie group
methods, from the time-reversed Heisenberg equation
i~N˙ = [H,N ]. (48)
Cluster state
If we take the initial state | 0 〉p1 | 0 〉p2, whose simplest nullifiers are P1 and P2, then the nullifier of the cluster
state exp(iQ1Q2) | 0 〉p1 | 0 〉p2 is found by solving the Heisenberg equations for the quantum nondemolition (QND),
spring-coupling Hamiltonian
HQND = −~αQ1Q2, (49)
yielding Heisenberg-picture operators
Q1,2(t) = Q1,2(0) (50)
P1,2(t) = P1,2(0)− αtQ2,1(0), (51)
Eq. (51) yielding the standard nullifiers for αt = 1.
Rotated quadratures into a beamsplitter
The initial phase quadrature eigenstates, of nullifiers P1 and P2, are now subjected to a phase-space rotation of mode
1, followed by a balanced beamsplitter transformation. It is easy to show that the corresponding Heisenberg-picture
transformation corresponds to the symplectic matrices in the Schro¨dinger-picture order, using x = (Q,P)T ,
xH = BR1(θ)xo (52)
7where
R1(θ) =


cos θ 0 sin θ 0
0 1 0 0
− sin θ 0 cos θ 0
0 0 0 1

 (53)
and
B =
1√
2


1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

 . (54)
As mentioned above, the nullifier transformation will be the inverse of this Heisenberg evolution, i.e.,
xN = R1(−θ)B−1xo (55)
xN =
1√
2


cos θ cos θ − sin θ − sin θ
1 −1 0 0
sin θ sin θ cos θ cos θ
0 0 1 −1

xo, (56)
yielding the nullifiers
N1 = P1N = sin θ(Q1 +Q2) + cos θ(P1 + P2) (57)
N2 = P2N = P1 − P2. (58)
Reminders of Gaussian graphical calculus [1]
This section outlines the formal steps of the derivation of a Gaussian graph state. Readers interested in more details
and complete proofs should consult Ref. 1.
Gaussian graph state definition
In the general multipartite case, the system of graph nullifiers Pj −
∑
k VjkQk can be written in matrix form
(P−VQ) |Ψ 〉 = 0. (59)
where V is the weighted adjacency matrix of the graph state |Ψ 〉.
For finite squeezing, this equation doesn’t have a null right-hand side since the residual quantum noise may create
deviations from the ideal graph. The more general formalism of graphical calculus was established to treat this
situation rigorously by introducing a generalized complex adjacency matrix
Z = V+ iU, (60)
where V is as before and U > 0 captures the finite squeezing effects (V and U are both symmetric), as pointed out in
the main text, the matrix U can be though as a quantification of how well a given Gaussian pure state approximate
the ideal graph state given by the adjacency matrix V. This is due to the matrices V and U are related through the
relation
Cov(P−VQ) = 1
2
U. (61)
Thus, it is required that U → 0 in the limit of infinite squeezing in order have a well behaved Gaussian state that is
a good approximation of a cluster state. Since U is positive semi-definite, a good criterion for V to be the adjacency
matrix of a valid graph state is
TrU→ 0. (62)
There is a one-to-one correspondence between a given Gaussian pure state and a Z matrix as it can be extracted
directly from the CM. We now show how to obtain matrices V and U.
8Graph derivation steps
The system of Heisenberg equations can be written, for a general quadratic Hamiltonian
H = ~
r
τ
N∑
j=1
N∑
k=1
Hjkxjxk., (63)
where the n-mode vector x = (Q,P)T and the matrix H is real and symmetric,
x˙ =
r
τ
Gx, with G = 2Ω.H (64)
where the matrixΩ is defined by [xj ,xk] = iΩjk = i
(
0 1−1 0
)
. Eqn (64) can be solved by diagonalizingG = UGdiagU
−1,
then the solution of Eq. (64) is
x(τ) = Sx(0), (65)
where S is the symplectic matrix given by
S = U erGdiag U−1. (66)
Once the symplectic matrix S of the system is obtained, the covariance matrix, which contains all information about
a Gaussian state, can be derived as
Σ =
1
2
SST , (67)
and an important property of the covariance matrix is that it is related to the complex adjacency matrix Z by
Σ =
1
2
(
U−1 U−1V
VU−1 U+VU−1V
)
, (68)
where the block structure corresponds to the definition x = (Q,P)T . This yields the graph if the matrix U is well
behaved, i.e., verifies Eq. (62) in the limit of infinite squeezing. An allowable strategy for modifying U so its limit
vanishes is to apply local operations to qumodes, since these cannot change the state separability, i.e., its entanglement.
It was shown in Ref. 1 that, in the case of V = 0, applying local Fourier transforms of qumodes, a.k.a. optical phase
shifts by pi/2, will produce, remarkably, an extremum of TrU, though not necessarily a minimum.
Example of a Gaussian cluster state: the two-mode squeezed state
We present the results of the procedure highlighted in the previous section for 3 different situations involving 2
interacting qumodes. In each case, if the outcome isn’t a product state, then there must exist a graph state, since all
two-mode entangled states are equivalent under local unitaries. However, as it will be shown later, the criterion of
Eq. (94) isn’t verified in all cases. The consequence is that it would appear that defining a cluster state isn’t always
possible in these situations, which would be a very disturbing fact. The resolution lies in the use of local squeezing
operations.
The two mode squeezed (TMS) state, also know as EPR state, is the traditional example of a CV entangled state
and can be produced by nondegenerated parametric down conversion (PDC) whose Hamiltonian is given by
H = i~
r
τ
(
a†1a
†
2 − a1a2
)
. (69)
From this quadratic Hamiltonian we can write down linear Heisenberg equations of motions and integrate them
directly. Defining the vector of quadratures X = {Q1, Q2, P1, P2}T we can write the solution to the Heisenberg
equations as
X(τ) = SX(0) (70)
9S =


cosh r sinh r 0 0
sinh r cosh r 0 0
0 0 cosh r − sinh r
0 0 − sinh r cosh r

 (71)
If our initial state is vacuum or a coherent state, then the initial covariance matrix (CM) is given by the identity
matrix, then after the evolution given for the symplectic matrix S the new CM describing the two mode squeezed
state is given by Eq. (67)
Σ =
1
2


cosh 2r sinh 2r 0 0
sinh 2r cosh 2r 0 0
0 0 cosh 2r − sinh 2r
0 0 − sinh 2r cosh 2r

 (72)
This CM will be extremely important given that this will be considered as the standard form for a two mode pure
Gaussian state, which can be written as
Σstd =


ν µ 0 0
µ ν 0 0
0 0 ν −µ
0 0 −µ ν

 (73)
where we have defined µ = 12 sinh 2r and ν =
1
2 cosh 2r.
The eigenvalue and eigenvector lists of the covariance matrix are
{ 12e−2r, 12e−2r, 12e2r, 12e2r} (74)




0
0
1
1

 ,


−1
1
0
0

 ,


0
0
−1
1

 ,


1
1
0
0




(75)
which show us that the EPR variables are squeezed, i.e.
∆(P1 + P2) = ∆(Q1 −Q2) = e−2r (76)
which witnesses entanglement between the two modes [2].
After applying a Fourier transform on mode 1
SF1 =


0 0 −1 0
0 1 0 0
1 0 0 0
0 0 0 1

 , (77)
the new CM will be given by
Σ′ = SF1ΣS
T
F1 (78)
=
1
2


cosh 2r 0 0 sinh 2r
0 cosh 2r sinh 2r 0
0 sinh 2r cosh 2r 0
sinh 2r 0 0 cosh 2r

 , (79)
from which we can calculate the complex graph.
Symplectic eigenvalue characterization of the Gaussian two-mode states
Two-mode canonical cluster state
As pointed in the main text, the natural approach to approximate an ideal graph state is by the canonical Gaussian
graph state. Starting for vacuum, we p squeezed each mode and then we applied control Z gates between the modes
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connected by an edge in the graph. For the two-mode graph state, the symplectic matrices that represent the p
squeezing operation and the control Z gate CZ= exp{iQ1 ⊗Q2} are given by
S1 =


er1 0 0 0
0 er2 0 0
0 0 e−r1 0
0 0 0 e−r2

 (80)
Scz =


1 0 0 0
0 1 0 0
0 1 1 0
1 0 0 1

 . (81)
The total transformation, S = SczS1, results in the following covariance matrix
Σ =
1
2


e2r1 0 0 e2r1
0 e2r2 e2r2 0
0 e2r2 e−2r1 + e2r2 0
e2r1 0 0 e2r1 + e−2r2

 (82)
from which we can directly calculate the Z graph using Eq. (68). The symplectic eigenvalues of the partially transposed
covariance matrix are
λ± =
1
2
√
2e2(r1+r2) + 1± 2
√
e2(r1+r2) + e4(r1+r2) (83)
and, given that λ−λ+ = 14 , this shows us that for any r1,2 > 0 we have entanglement in the system.
Balanced interference of two single-mode squeezed states
If we mix a P squeezed mode with another state which squeezed quadrature is rotated an angle θ with respect to
the P quadrature in a 50/50 beam splitter, we will generate the state described in Eq. (8). The symplectic matrix
describing the initial squeezing operation for the P quadratures is given by the matrix S1 in Eq. (80) while the
sympletic matrix describing the rotation of mode 1 R1(θ) and the beamsplitter operation UBS are given by
Sθ=


cos θ 0 sin θ 0
0 1 0 0
− sin θ 0 cos θ 0
0 0 0 1

 (84)
SBS =
1√
2


1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

 (85)
From the total symplectic matrix S = SBSSθS1 we can calculate the covariance matrix of the state as
Σ =
(
ΣQ ΣQP
ΣTQP ΣP
)
(86)
ΣQ(r1, r2) =
(
η+(r1, r2) η−(r1, r2)
η−(r1, r2) η+(r1, r2)
)
ΣP (r1, r2) = ΣQ(−r1,−r2)
ΣQP = −1
2
(
sinh 2r1 sin 2θ sinh 2r1 sin 2θ
sinh 2r1 sin 2θ sinh 2r1 sin 2θ
)
where η±(r1, r2) = 12
(
e−2r1 sin2 θ + e2r1 cos2 θ ± e2r2) and r1, r2 > 0 are the squeezing parameter of the rotated and
P-squeezed modes respectively. Given this CM, we can derive the complex graph.
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From the eigenvalues of the CM above, the squeezed quadratures are given by
∆(P1 − P2) =
√
2 e−r2 (87)
∆[sin θ(Q1 +Q2) + cos θ(P1 + P2)] =
√
2 e−r1 (88)
from which we can construct cluster state nullifiers as
∆
[
P1 +
tan θ
2
(Q1 +Q2)
]
=
1√
2
√
e−2r1 sec2 θ + e−2r2 (89)
In the case θ = 0 the covariance matrix Eq. (86) is
Σ =
1
2


e2r1+e2r2 e2r1−e2r2 0 0
e2r1−e2r2 e2r1+e2r2 0 0
0 0 e−2r1+e−2r2 e−2r1−e−2r2
0 0 e−2r1−e−2r2 e−2r1+e−2r2

 (90)
which corresponds to the complex Z graph in Eq. (35) with V and U matrices given by the parameters Eqs. (33) &
(34). Also, from this CM we can calculate the symplectic eigenvalues Eq. (40).
The transformation Eq. (42) in this CM formalism is given for the symplectic matrix
S =


e
r1+r2
2 0 0 0
0 e
r1+r2
2 0 0
0 0 e−
r1+r2
2 0
0 0 0 e−
r1+r2
2

 . (91)
This squeezing operation transform our original state into the following covariance matrix
Σ′ = SΣST (92)
=


cosh(r1−r2) sinh(r1−r2) 0 0
sinh(r1−r2) cosh(r1−r2) 0 0
0 0 cosh(r1−r2) − sinh(r1−r2)
0 0 − sinh(r1−r2) cosh(r1−r2)

 (93)
which it is exactly the CM of the TMS state Eq. (72) with 2r→ r1 − r2 as stated in the main text.
Diagonalization of U by local symplectic operations
General case
We now address the problem of entanglement in continuous variables (CV) Gaussian states and how it is related
with finite squeezing CV cluster states. Not all Gaussian states are canonical cluster states but all can be
expressed using a standard symplectic decomposition. The standard way to characterize CV cluster states is
given by the equation
Cov (P−VQ) = 1
2
U. (94)
where V is the ideal graph approximated by a given Gaussian state and with the requirement that U → 0 in the
limit of infinite squeezing thus we can think on the matrix U as the error on approximating the ideal CV graph state
given by the adjacency matrix V (An ideal n-mode CV graph state with adjacency matrix V is a state |ψ 〉 such that
(P−VQ) |ψ 〉 = 0, the operators Pi −
∑n
j Vi,jQj; i = 1, 2, ..., n. are called graph state nullifiers). The usual way to
calculate the graph V that is better approximated by a given Gaussian state is to minimize Tr{U} by local rotations
[1]. As we have shown in the two mode case, this standard procedure can be in some situations misleading, given
that it may lead to calculate an adjacency matrix V which does not agree with the entanglement of the system. This
is due to the fact that in some situations, the quantum correlations of the system may not show up in the calculated
adjacency matrix. Correlations are not in V but in U and, given that U−1 appears in the CM, even if U → 0 if
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we have nonzero nondiagonal terms of U which may lead to strong correlations that are not reflected in the graph.
This may bring problems to measurement based QC given that the graphs may not contain all the connections given
by the correlations (entanglement) of the system. Therefore a new criteria to have a well-behaved graph state is to
require that the nullifiers have no correlations between them, that is, that U is a diagonal matrix.
In order to diagonalize U we may use any local unitary Gaussian operation and not only rotations as proposed in
[1]. Thus in this case the problem that we are dealing with is to find out if a given Gaussian state is equivalent to an
state with diagonal U under Gaussian Local Unitary (GLU) operations. We allow any GLU given that those are the
more general operations that do not modify the entanglement of the system (and also preserve the Gaussianity of the
state)
A Gaussian state is characterized by its covariance matrix (CM) Σ. If we define a vector of operators as R =
(Q1, Q2, ..., Qn, P1, P2, ..., Pn)
T (which we will call the Q − P ordering) the CM, defined as Σ(qp)j,k = 〈{Rj , Rk}〉 /2, is
given by
Σ(qp) =
(
Σq Σqp
(Σqp)
T
Σp
)
=
1
2
(
U−1 U−1V
VU−1 U+VU−1V
)
(95)
with Σqj,k = 〈QjQk〉 ,Σpj,k = 〈PjPk〉 and Σqpj,k = 〈{Qj, Pk}〉 /2. For a cluster state (with U diagonal) we have that
Σq = 12U
−1 = 12diag{λ1, λ2, ..., λn};λj > 0 j = 1, 2, ..., n. And in terms of the U-V parametrization the corralations
are given by 2 〈QjQk〉 = λjδj,k, 〈{QjPk}〉 = λjVj,k and 2 〈PjPk〉 = λ−1j δj,k +
∑
lVj,lλlVl,k
In order address the problem on GLU equivalence it is convenient to write the CM the mode-ordered vector
X = (Q1, P1, Q2, P2, ..., Qn, Pn)
T which takes the form
Σ(mode) =


σ1,1 σ1,2 · · · σ1,n
σ2,1 σ2,2 · · · σ2,n
...
...
. . .
...
σn,1 σn,2 · · · σn,n

 (96)
σj,k =
1
2
(〈{Qj, Qk}〉 〈{Qj, Pk}〉
〈{Pj , Qk}〉 〈{Pj , Pk}〉
)
(97)
where σj,j is the covariance matrix of the mode j and σj,k; j 6= k contains the correlations between modes j and k.
In this mode ordering, local symplectic operations take the simple bloc-diagonal form
Slocal =


S1
S2
. . .
Sn

 (98)
where Sj is the local symplectic matrix regarding mode j. Therefore, in this mode ordering, the blocks of the CM
evolve as
σj,k → σ′j,k = Sjσj,kSTk . (99)
Given that any symplectic matrix has determinant equals to one, we have that Det{σj,k} is an invariant under local
symplectic transformations.
For a state with diagonal U then the corralation matrix has the form
σj,j =
(
λj 0
0 Σpj,j
)
(100)
σj,k =
(
0 λjVj,k
λkVj,k Σ
p
j,k
)
j 6= k (101)
where we have assumed that we do not have any self loop on our real graph, that is Vj,j = 0. This is completely
general given that if Vj,j 6= 0 we can remove that self loop with the local symplectic operation Sj =
(
1 0
−Vj,j 1
)
.
The determinant of σj,k in (101) is Det{σj,k} = −λjλkV2j,k < 0. The given that Det{σj,k} is an invariant under
GLU we have that if a given state is GLU equivalent to a state with U diagonal the we must have that Det{σj,k} < 0
for all j and k.
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Three-mode case
In this section we will show that for the case of a three modes, the requirement Det{σj,k} < 0 is not only necessary
but also sufficient for a state to be GLU to a diagonal U state. In [3, 4] was developed the concept of standard
forms of CMs, where two Gaussian states are GLU equivalent iff they have the same standard form of their covariace
matrices.
The process to calculate the standard form is to decompose each local operation in its Bloch-Messia decomposition
Sj = MjΛjN
T
j where Nj and Mj are rotation matrices and Λj is a diagonal squeezing matrix. Then use Mj and
Λj to symplecticly diagonalize all the σj,j (that is, make them proportional to the identity). And finally using Nj
to diagonalize as many a possible σj,k, j 6= k (after applying the first two operations) matrices using it singular value
decomposition (SVD) σj,k = Aj,kDj,kBj,k with Aj,k and Bj,k orthogonal matrices and Dj,k diagonal. If σj,k is
proportional to an orthogonal matrix, then we can diagonalized it using only one matrix (instead of two as the SVD
indicates), lets say Nj, and use the other Nk in the diagonalization process of another σk,l matrix (see [4] for details).
It have been shown also, that for a three mode Gaussian state, the standard form is a CM with no Q−P correlations,
that is, it has the form
Σ(qp) =
(
Σq 0
0 Σp
)
(102)
which, when written in the mode ordering, it has the form
Σ =

λ11 D1,2 D1,3λ21 D2,3
λ31

 (103)
where Dj,k are diagonal matrices and 1 is the 2 × 2 identity matrix. I we suppose that all three Dj,k matrices have
negative determinant then
Dj,k =
(
αj,k 0
0 βj,k
)
with αj,kβj,k < 0 (104)
we can transform a the CM in (103) in a CM with diagonal U (i,e 〈QjQk〉 = 0 j 6= k) in two steps (a) and (b). First
a play the following local squeezing operations given by the symplectic matrices
S
(a)
1 =


√
−α1,2
β1,2
0
0
√
− β1,2
α1,2

 S(a)3 =


√
−α1,3
β1,3
0
0
√
− β1,3
α1,3

S(a)−11 S(a)2 = 1 (105)
which lead us to a CM of the form
Σ =


λ1S
(a)
1 S
(a)T
1 ∓
√−α1,2β1,2σz ∓√−α1,3β1,3σz
λ21 D
′
2,3
λ3S
(a)
3 S
(a)T
3

 (106)
where the upper sign correspond to αj,k < 0, βj,k > 0 and the lower sing to the opposite situation,
D′2,3 =diag{α′2,3, β′2,3} =diag{α2,3
√
β1,2α1,3
α1,2β1,3
, β2,3
√
α1,2β1,3
β1,2α1,3
} and σz =diag{1,−1} is one of the Pauli matrices. In
the second step we apply the local rotations given by
S
(b)
1 = FS
(b)T
2 S
(b)
3 = FS
(b)T
1 = S
(b)
2 (107)
where S
(b)
2 is a rotation to be determined later, F =
(
0 1−1 0
)
is a pi/2 rotation (also called Fourier transform due to the
way it act on quantum states) and where we use the fact that rotations in a plane commute with each other. Then
given that
σzF
T = Fσz = −
(
0 1
1 0
)
≡ −J and σzM =MTσz (108)
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for any pure 2-dimensional rotation matrix M, we have that
Σ =

λ1S1S
T
1 ±
√−α1,2β1,2J ±√−α1,3β1,3J
λ2S2S
T
2 S
(b)
2 D
′
2,3S
(b)T
2
λ3S3S
T
3

 (109)
where Sj = S
(b)
j S
(a)
j is the total local transformation. The S
(b)
2 matrix is set such that the Q−Q correlation 〈Q2Q3〉 = 0
in the matrix S
(b)
2 D
′
2,3S
(b)T
2 . For that we write it as a generic 2-dimensional rotation
S
(b)
2 =
(
cos θ sin θ
− sin θ cos θ
)
(110)
then the correlation matrix between modes 2 and 3 is
S
(b)
2 D
′
2,3S
(b)T
2 =
(
α′2,3 cos2 θ + β′2,3 sin
2 θ (β′2,3 − α′2,3) sin θ cos θ
(β′2,3 − α′2,3) sin θ cos θ α′2,3 sin2 θ + β′2,3 cos2 θ
)
(111)
.
In the equation above, is possible to eliminate the Q−Q term (upper left term in the matrix) only if α′2,3 and β′2,3 have
opposite sign, that is, if Det{D′2,3} = α′2,3β′2,3 < 0. In this case we can chose cos θ =
√
−β2,3√
α2,3−β2,3
, sin θ =
√
α2,3√
α2,3−β2,3
for β2,3 < 0 or cos θ =
√
β2,3√
β2,3−α2,3
, sin θ =
√
−α2,3√
β2,3−α2,3
for α2,3 < 0 and then
S
(b)
2 D
′
2,3S
(b)T
2 =
(
0 ±√−α2,3β2,3
±√−α2,3β2,3 α2,3 + β2,3
)
(112)
where the minus sign is correspond to α2,3 < 0 and the plus sing to β2,3 < 0. I this way we have gotten rid of all of
diagonal terms of U.
In this procedure we first use single mode squeezing operations to turn the correlation matrices σ1,2 and σ1,3
proportional to the Pauli matrix σz and the using rotations to eliminate the Q−Q correlations (the first step is useful
because using (108) we can transform a given correlation matrix σj,k, j 6= k to a matrix proportional to J by using,
let say, Sj regardless of the value of Sk).
This procedure is not enough for a general n mode Gaussian states given that the number of correlation matrices
σj,k, j 6= k are n(n− 1)/2 and we only have n local symplectic matrices to eliminate all the Q −Q correlations, but
for n = 3 we have n(n− 1)/2 = n.
For n > 3 only in the case that we have enough symmetries in the state such that one local operation can in fact
eliminate simultaneously several Q − Q correlations and the n local symplectics would be enough to deal with the
n(n− 1)/2 of diagonal correlation matrices.
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